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Research problems 
The purpose of the research problems section is to present unsolved problems in 
discrete mathematics. Older problems are acceptable if they are not as widely known 
as they deserve. Problems should be submitted using the format as they appear in the 
journal and sent to 
Professor Brian Alspach 
Department of Mathematics and Statistics 
Simon Fraser University 
Burnaby, B.C. 
Canada V5A 1 $6. 
Readers wishing to make comments dealing with technical matters about a problem 
that has appeared should write to the correspondent for that particular problem. Com- 
ments of a general nature about previous problems hould be sent to Professor Alspach. 
Problems posed at the Conference on Graph Theory Elgersburg, May 6-10, 
1996. 
Problem 293. Posed by Stefan Hougardy 
Correspondent: Stefan Hougardy 
Humboldt-Universit~it zu Berlin 
Institut fOr Informatik 
Unter den Linden 6 
D- 10099 Berlin 
Germany 
hougardy@informatik.hu-berlin.de 
The number of induced subgraphs. Let F be a fixed graph. How many induced sub- 
graphs isomorphic to F can a graph on n vertices have? (Clearly, this number is 
@(nlFI), so we are asking for the constant.) 
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Problem 294. Posed by Stanislav Jendrol' 
Correspondent: Stanislav Jendrol' 
P. J. Saf~irik University 




j endrol@kosice.upj s.sk 
Light paths in 3-connected planar graphs. For an integer k ~> 1 let ~(k)  be the family 
of all 3-connected planar graphs having a subgraph isomorphic to the path on k vertices. 
What is the minimum integer w(k) such that every graph G E ~(k)  contains a path 
[vl, v2 . . . . .  vk] with 
k 
deg c ( vi ) <~ w(k )? 
i :1 
Known results are: Euler: w(1 ) = 5, 
Kotzig (1955): w(2)= 13, 
Ando, Iwasaki and Kaneko, (1993): w(3)=21, 
Fabrici and Jendrol' (1996): k-log 2 k<<.w(k)<<.5k 2, k>~4. 
For references and better lower bounds see the paper of Fabrici and Jendrol' in this 
volume. 
Problem 295. Posed by Matthias Kriesell 
Correspondent: Matthias Kriesell 
Technische Universit~t Berlin 
Fachbereich Mathematik 
Sekretariat MA 8-1 




Longest induced cycles in cycle-critical connected graphs. Given a finite graph G of 
vertex connectivity K/> 6 where each induced cycle is contained in a smallest separating 
vertex set: 
Does G contain induced cycles of length • - 1 or of length ~c? 
Comment. A graph is called cycle-critical connected or simply cycle-critical if it is 
not a tree and each of its induced cycles is contained in a smallest separating vertex 
set. 
Thomassen and Toft considered in [ 1 ] the class of finite graphs without nonseparating 
induced cycles. These graphs are in fact quite different from cycle-critical graphs since 
they are not 3-connected, while cycle-critical graphs are 3-connected by definition. 
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Moreover, a theorem of Mader [2] states that a finite graph where any complete 
subgraph on at most three vertices is contained in a smallest separating set must be 
6-connected. In particular, finite cycle-critical graphs are 6-connected. 
There are many examples of cycle-critical graphs. The join of some cycles is cycle- 
critical if and only if the length of the longest cycle occurs at least twice and this 
length is at least 4. In particular, the join of two cycles of the same length exceeding 
3 is cycle-critical and, conversely, if G is cycle-critical and V(G) can be partitioned 
into two induced cycles then they must have the same length and G must be their 
join. Also the kth power Hm(k) of a cycle of length m is cycle-critical if and only if 
2k+Z~<m < 1(5k+5)  and (m,k)~{(9,3),(12,4)}. 
Clearly, a cycle-critical graph G contains no induced cycle of length exceeding its 
connectivity ~c(G). But we conjecture that in the finite case even more is true. 
Conjecture. There is no finite cycle-critical graph G containing induced cycles of length 
exceeding K(G) - 2. 
The join of two cycles of the same length show that the bound ~(G) -  2 would 
be sharp. I proved that a cycle-critical graph of connectivity 6 contains no induced 
cycle of length 6. As a corollary, if such a graph possesses a smallest separating set 
consisting of an induced cycle of length 4 and two further nonadjacent vertices then it 
must be the graph//8(3). However, I do not know a simple proof of these facts. 
Furthermore, any cycle-critical graph which is not 6-connected is chordal. In fact, 
a cycle-critical graph is chordal if and only if it contains no vertices of finite degree. 
Observe, that if a finite cycle-critical graph G contains an induced cycle C then 
G-  C is not 2-connected; it can be shown that, however, G -  C is not a forest. 
Equivalently, for any induced cycle of a finite cycle-critical graph there exists an 
induced cycle disjoint from it. 
References 
[1] C. Thomassen and B. Toil, Nonseparating induced cycles in graphs. J. Combin. Theory (B) 31 (1981) 
199-224. 
[2] W. Mader, Generalizations of critical connectivity in graphs, Discrete Math. 72 (1988) 267-283. 
Problem 296. Posed by L.S. Mel'nikov and V.G. Vizing 
Correspondent: L.S. Mel'nikov 
Institute of Mathematics 




Coloring of incidentors. In what follows, G and G denote a mixed multigraph (which 
may have arcs and links simultaneously) and its undirected modification. 
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A mapping q~:I(G)--.C={1,2 . . . . .  k} from a set of incidentors of G is called 
a regular k-colorin9 of G, if the following three conditions are fulfilled: 
(1) if two incidentors (x~) and (y~) have a common arc e, then q~((x~))<q~((y,~)) 
(2) if two incidentors (x--,~) and (x--;-~) have a common vertex x, then q~((x~)) 
~o((x~)) 
(3) if two incidentors [x-~] and [y-~] have a common link e, then ~o([x~])= ~([y~]) .  
Define the edge chromatic number of G as 
Xta(G) = min{k Ik c ~ and G has a regular k-coloring of the 
set I(G) of incidentors}. 
We use X ~ for the classical edge chromatic number and set A(G)= A(G). 
Conjecture 1. x'(G) > A(G) implies Zla(G) <~ z'(G). 
Conjecture 2. 
Xla(G) ~< max{x'(G), A(G) + 1 }. 
It is true that Zla(G)<~xt(G)-q-1. Thus Conjecture 2 follows from Conjecture 1. 
Problem 297. Posed by Thomas Niessen 
Correspondent: Thomas Niessen 





A degree problem. Let dl ~>d2... >~dn ~>0 be integers uch that ~~iLl d/ is even. 
Theorem (Erd6s and Gallai, 1960). There exists a simple 9raph G with vertices 
Vl,V 2 . . . . .  V n such that dG(Vi)=di for i= 1,2 ..... n if and only if 
P 
~-~dj<~p(p-1)+ ~ min{p, dj} 
j=l j=p+l 
for all p= 1,2 . . . . .  n. 
Let al,a2 . . . . .  an and bl,b2 . . . . .  b, be integers with O<~ai<~bi for i=  1,2 . . . . .  n. 
Problem. Give a simple characterization (like the above theorem) for the existence of 
a simple graph G with vertices Vl, v2 . . . . .  v, such that 
ai <~dG(Vi ) <~ bi 
for i = 1,2 . . . . .  n. 
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Problem 298. Posed by Horst Sachs 
Correspondent: Horst Sachs 
Technische Universitiit Ilmenau 
Institut fiir Mathematik 




How many perfect matchings does the graph of the n-cube have? Let Qn be the graph 
of the n-dimensional unit cube. For any finite graph G, let re(G) denote the number 
of perfect matchings of G. 
Set m(Q,,)=ran. What is known about the (asymptotic behaviour of the) sequence 
{m,,}? 
Clearly, ml = 1, m2 =2;  m,,=-O (modn). 
Further, it is easy to see that 
m,~+l = ~ m2(G), 
where the sum is taken over all induced subgraphs G of Q,, Using this formula, we 
easily obtain 
m3 = 9 = 32, rn4 = 272 = 24 × ] 7. 
Added in proof In their paper 'The number of perfect matchings in a hypercube' 
(Appl. Math. Lett. 1 (1988) 44-48) Niall Graham and Frank Harary established 
m5 =589185 =32 x 5 × 13093. 
I thank Heiko Harborth (Braunschweig) for bringing this paper to my attention. 
Recently, L.H. Clark, J.C. George and T.D. Porter (Dept. of Math., Southern Illinois 
University at Carbondale, Carbondale, IL 62901-4408) proved that m,, satisfies the 
inequality 
(nt)tt!<~m,,<~(n!) t'', where t=2"  L 
implying 
m; ~ne as n--+oo 
(from their manuscript 'On the number of 1-factors in the n-cube'). They also report 
that D. Weidemann found 
32 m6 = 16332454526976 = 215 × x7x  7911539. 
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Problem 299. Posed by Zdzistaw Skupieh 
Correspondent: Z. Skupiefi 
University of Mining and Metallurgy 
Institute of Mathematics AGH 




Find the number of (maximum) d+-matchings in a hypercube. A d+-matching is 
defined to be a set of edges that are at distance larger than d apart in the line graph, 
d E ~ (loops are forbidden). 
For the concept of distance-d chromaticity of hypercubes, ee Z. Skupiefi, Some max- 
imum multigraphs and edge/vertex distance colourings, Discuss. Math.- Graph Theory 
15 (1995) 89-106. 
Problem 300. Posed by Walter Wessel 
Correspondent: Walter Wessel 
University of Potsdam 
Inst. of Mathematics 
POB 60 15 53 
D-144 15 Potsdam 
Germany 
Complete plane multimaps. A plane multimap is a plane map whose face set is parti- 
tioned into empires; it is complete if its empires are mutually neighbouring (cf. [4,5]). 
Let ij be the number of empires consisting of j faces. Then Euler's polyhedron for- 
mula gives a certain upper bound E j :E ( i l  . . . . .  i j -1)  for ij depending on il . . . . .  i j-1 
for j~>2, E1 =4. 
Conjecture. For all r-tuples (i~ . . . . .  ir) with ij<~Ej, j=  1 . . . . .  r, except if il =4, i2 :5 ,  
there is a complete plane multimap. 
The conjecture is proved for r~<3 (cf. [4]) and for all r-tuples (il . . . . .  it) with 
il . . . . .  ir-1 =0 (Heawood's empire problem, proved by Heawood [2] and Kim 
(cf. [1]) in case r=2,  H. Taylor (cf. [1]) in cases r=3 and r=4,  and Jackson and 
Ringel [3] in cases r~>5; also in [5]). 
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